Introduction and statement of results
A delay differential equation provides a mathematical model for a physical or biology system in which the rate of.change of the system depends upon its past history. See [3] and [5] for questions on existence and uniqueness in delay differential equations.
The oscillatory behavior of solutions of delay differential equations has been the subject of intensive investigations during the past few years. Among numerous papers dealing with this subject we refer in particular to [1] , [2] , [4] , [6] , [7] , and $ [9] - [13] $ . We also refer to the recent book [8] . In the oscillation theory of linear delay differential equations one of the most important problems is to obtain a necessary and sufficient condition for the oscillation via the characteristic equation. Such a result for delay differential equations with constant coefficients was proved in [2] , [7] and [12] (see also the recent paper [1] for the general case of a neutral differential system with several delays). Also, for a class of delay differential equations with periodic coefficients, a necessary and sufficient condition for the oscillation of all solutions is very recently given by the author [11] (in this case a characteristic equation is also considered). In the general case of delay differential equations with variable coefficients sufficient conditions and also necessary conditions for the oscillation of the solutions were obtained by many authors in the past several years. See, for example, [4] , [6] , [9] , [13] and the references cited therein.
In this paper we deal with the oscillation problem for first order linear delay differential equations with variable coefficients. We establish sufficient conditions for all solutions to be oscillatory. We also give conditions under which there exists at least one nonoscillatory solution. Our conditions are "sharp" in the sense that, when the coefficients are constants or when the coefficients are periodic functions with a common period and the delays are multiple of this period, the conditions become both necessary and sufficient.
Consider the delay differential equation As usual, a solution of (E) is said to be oscillatory if it has arbitrarily large zeros, and otherwise the solution is said to be nonoscillatory. A solution
Throughout the paper, we will use the notations Our main results are Theorems 1 and 2 below. Theorem 1 provides a sufficient condition for the oscillation of all solutions of the differential equation (E), while Theorem 2 gives conditions under which (E) has a nonoscillatory solution. The proofs of Theorems 1 and 2 will be given in Sections 2 and 3 respectively. Next, let us consider another special case: Assume that the coefficients $p_{k}$ $(k =1, ¥ldots, m)$ of (E) are periodic functions with a common period $¥omega>0$ and that there exist positive integers
Then we obtain for $j$ , $k=1$ , $¥ldots$ , $m$ and $t¥geqq¥tau_{j}$
So, we observe that we may choose $ T=¥tau$ in the condition (C). . Thus, from Theorems 1 and 2 we obtain as a corollary the following result, which is the main result of a recent work of the author [11] :
A necessary and sufficient condition for the oscillation of all solutions of (E) is that
Before closing this section, we consider the more general case of the delay differential equation
where $p_{0}$ is a continuous real-valued function on the interval [0, $¥infty$ ). Let
which is of the same form with (E). So, the study of the oscillation of First of all, we will show that $¥Lambda¥neq¥emptyset$ . We have
In fact, by using the decreasing nature of $x$ on the interval [ $t_{0}$ , $¥infty)$ , from (E) we obtain
Thus, for any $j¥in¥{1, ¥ldots, m¥}$ and every $t¥geqq t_{0}+¥tau+¥tau_{j}$ , we get
and so (2) is true. Now, by (2) and (1), from (E) it follows that for each Since $x$ is decreasing on [ $t_{0}$ , $¥infty)$ , from (E) it follows that $x^{¥prime}(t)+[¥sum_{k=1}^{m}p_{k}(t)]x(t-¥sigma)¥leqq 0$ for $ t¥geqq t_{0}+¥tau$ .
Thus, by using again the fact that $x$ is decreasing on [ $t_{0}$ , $¥infty)$ , we get for
Threfore, in view of (3), we obtain (4) $x(t^{*})¥geqq¥frac{¥sigma e^{-¥tau}}{2}x(t-¥sigma)$ for every $t¥geqq¥max¥{t_{0}+¥tau+¥sigma, T_{1}¥}$ .
Furthermore, consider an arbitrary
Then there exists a $t_{¥lambda}¥geqq t_{0}$ such that for every $t¥geqq t_{¥lambda}$ $x^{¥prime}(t)+f_{¥lambda}(t)x(t)=x^{¥prime}(t)+[¥sum_{k=1}^{m}p_{k}(t)e^{¥lambda¥tau_{k}}]x(t)¥leqq 0$ 
We claim that
$q¥equiv¥inf_{¥mathrm{r}¥geqq T}¥min_{j=1,,m}¥ldots¥sum_{k=1}^{m}P_{jk}(t)e^{r¥tau_{k}}¥leqq¥lambda_{0}$ . If $q=0$, then (7) is obvious. So, let us assume that $q$ is a positive number. By using (6), from (E) we obtain for every $t¥geqq¥max¥{t_{r}+¥tau, T¥}$ We have thus proved that there exists a number $¥lambda_{0}>0$ such that, for every $ T¥geqq¥tau$ , (8) holds. This contradicts condition (C) and hence the proof of the theorem is complete.
This means that

Proof of Theorem 2
To prove Theorem 2 we need the following lemma. Proof of the lemma. From (I) we obtain for all 
Therefore, as
$¥tilde{t}¥rightarrow¥infty$ , we derive
$y(t)¥geqq¥int_{t}^{¥infty}¥sum_{k=1}^{m}p_{k}(s)y(s-¥tau_{k})ds$ for every $t¥geqq T_{0}$ .
Let $X$ be the set of all nonnegative continuous functions $x$ on the interval [ $T_{0}$ , $¥infty)$ with $x(t)¥leqq y(t)$ for every $t¥geqq T_{0}$ . Moreover, set $ t_{0}=T_{0}+¥tau$ . Then, by using (9), we can easily verify that the formula of $X$ into itself. If $x_{1}$ , $x_{2}¥in X$ and $x_{1}(t)¥leqq x_{2}(t)$ for $t¥geqq T_{0}$ , then we also have $(Sx_{1})(t)¥leqq(Sx_{2})(t)$ for $t¥geqq T_{0}$ , i.e. the operator But, this is impossible. So, the proof of our lemma is complete. Now, we will give the proof of Theorem 2. Define $f_{¥lambda}(t)=¥sum_{k=1}^{m}p_{k}(t)e^{¥lambda¥tau_{k}}$ for $t¥geqq 0$ .
For each $j¥in¥{1, ¥ldots, m¥}$ and every $t¥geqq¥tau_{j}$ , we obtain Then, by using (11) and condition (H), we get for all $t¥geqq T$ $y^{¥prime}(t)+¥sum_{j=1}^{m}p_{j}(t)y(t-¥tau_{j})$ 
